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This paper presents the neoclassical model of capital accumulation augmented by choice of labor
supply as the basic framework of modern real business cycle analysis. Preferences and production
possibilities are restricted so that the economy displays steady state growth. Then we explure the
implications of the basic model for perfect foresight capital accumulation and for ecomomic
fluctuations initiated by impulses to technology. We argue that the neoclassical approach holds
considerable promise for enhancing our understanding of fluctuations. Nevertheless, the basic
model does have some important shortcomings. In particular, substantial persistence in technol-
ogy shocks is required if the model economy is to exhibit periods of economic activity that
persistently deviate from a deterninistic trend.

1. Introduction and summary

Real business cycle analysis investigates the role of neoclassical factors in
shaping the character of economic fluctuations. In this pair of essays, we
provide an introduction to the real business cycle research program by
considering the basic concepts, analytical methods and open questions on the
frontier of research. The focus of the present essay is on the dynamic aspects
of the basic neoclassical model of capital accumulation. This model is most
frequently encountered in analyses of economic growth, but we share Hicks’
(1965, p. 4) perspective that it is also a basic laboratory for investigating more
general dynamic phenom=na involving the choice of consumption, work effort
and investment.

Our use of the neoclassical model of capital accumulation as the engine
of analysis for the investigation of economic fluctuations raises a number of
central issues. First, what role does economic growth play in the study of
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economic fluctuations? More precisely, does the presence of economic growth
restrict the preference and production specifications in ways that are im-
portant for the analysis of business cycles? Second, what analytical methods
can be employed to study the time serics implications of the neoclassical
model? Third, what are the dynamics of the neoclassical model in response to
technology shocks? Finally, does the neoclassical model — driven by technol-
ogy shocks — replicate important features of macroeconomic time series? The
analysis of these issues forms the core of the present paper and establishes the
building blocks of real business cycle theory.

Real business cycle theory, though still in the early stages of development,
holds considerable promise for enhancing our undarstanding of economic
fluctuations and growth as well as their interaction. The basic framework
develogd in this essay is capable of addressing a wide variety of issues that
are comamonly thought to be important for understanding business cycles.
While we focus here on models whose impulses are technological, the methods
can be adapted to consider shocks originating from preierences or other
exogenous factors such as government policies and terms of trade. Some of
these extensions to the basic framework are developed in the companion essay.

To many readers it must seem heretical to discuss business cycles without
mentioning money. Our view, however, is simply that the role of money in an
equilibrium theory of economic growth and fluctuations remains an open area
for research. Further, real disturbances generate rich and neglected interac-
tivns in the basic neoclassical model that may account for a substantial
portion of observed fluctuations. The objective of real business cycle research
is to obtain a better understanding of the character of these rcal fluctuations.
Without an understanding of these real fluctuations it is difficult a priori to
assign an important role to money.

The organization of the paper follows the sequerice of questions outline:l
above. We begin in secticn 2 by describing the prefererces, endowments and
technology of the basic (one-sector) neoclassical mode! of capital accumula-
tion.! In contrast to the familiar textbook presentation of this model, however,
work effort is viewed as a choice variable. We then discuss the restrictions on
production possibilities and preferences that are necessary for steady state
growth. On the production side, with a constant returns to scale production
function, technical progress must be expressible in labor augmenting (ifarrod
neutral) form. In a feasible steady state, it follows that consumption, :nvest-
ment, output and capital all must grow at the exogenously specified rate of
techrical change. On the other hand, since the endowment of time is constant,
work effort cannot grow in the steady state. Thus, preferences must be
restricted so that there is no change in the level of effort on the steady state

A more detailed and unified development of the material is presented in the technical
appendix, available from the authors on request.
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growth path despite the rise in marginal productivity stemming from technical
progress, i.e., there must be an exact offset of appropriately defined income
and substitution effects.

Section 3 concerns perfect foresight dynamic competitive equilibria, which
we analyze using approximations near the steady state. Using a parametric
version of the model, with parameters chosen to match the long-run U.S.
growth experience, we study the interaction between intertemporal production
possibilities and the equilibrium quantity of labor effort. Off the steady state
path, we find that capital and effort are negatively related despite the fact that
the marginal product of labor schedule is positively related to the capital
stock. That is, in response to the high real ra:c of return implied by a low
capital stock, individuals will substitute intertemporally to produce additional
resources for investment.

Working from a certainty equivalence perspective, section 4 considers how
temporary productivity shocks influence economic activity, generating ‘real
business cycles’ in the terminology of Long and Plosser {1983). Again there is
an important interaction between variation in labor input — this time in
response to a productivity shock — and the intertemporal substitution in
production permitted by capital accumulation. Purely temporary technology
shocks call forth an exparnsion of labor input once the Long and Plosser (1983)
assumption of complete depreciation is replaced by a more realistic value,?
since more durable capital increases the feasibility of intertemporal substitu-
tion of goods and leisure. Nevertheless, with purely temporary productivity
shocks, we find that there are important deficiencies of the basic neoclassical
model. Although there is substantial serial corre :ion in consumption and
capital as a consequence of consumption smootk g, there is effectively no
serial correlation in output or employment. This lack of propagation reflects
two basic properties of the parameterized model: (i) a negative relation
between capital and effort along the transition path and (ii) the minor effect of
a purely temporary technology shock on a large and durable capital stock.
Thus, the basic neoclassical capital accumulation mechanism is important for
permitting intertemporal substitution of goods and icisure, but it does not
generate serial correlation in output and employment close to that exhibited
by macroeconomic data.

It is necessary, therefore, to incorporate substantial serial correlation in
productivity shocks [as in Kydland and Irescott (1982), Long and Plosser
(1983), Hansen (1985), and Prescott (1986)] if the basic neoclassical model is
to generate business fiuctuations that resemble those in post-war U.S. experi-
ence. Since serial correlation involves movements in productive opportunities
that are more persistent in character, labor input responds less elastically to a

2By a purely temporary shock, we mean one that lasts for a single time period, which is taken to
be a quarter in our analysis.
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given size shock, but its response remains positive. On the other haad, with
more persistent productivity shocks, consumption responds more elastically in
accord with the permanent income theory.

In section 5, we show that the basic neoclassical model — with persistent
technology shocks - captures some key features of U.S. business cycles. For
example, the model replicates observed differences in volatility across key
series. Measured as a percentage of the standard deviation of output, there is
an identical ordering of the model’s implications for investment, wages,
consumption and hours, and the U.S. time series: investment is most volatile,
followed by wages, consumption and then hours. But there are also aspects of
the data that are poorly captured by the single-shock model. For example,
consumption, investment and hours are much more highly correlated with
output in the model than in the data.

Professional interest in real business cycle analysis has been enhanced by
the comparison of moments implied by neoclassical models with those of U.S.
time series, as initiated by Kydland and Prescott (1982). Our implications for
moments Jdifer from those of Hansen (1985) and Prescott (1986), principally
because we do not filter actual and model-generated time series to remove
slow-moving components. For example, in Hansen’s and Prescott’s analyses,
filtered hours and output have virtually identical volatilities, in both the model
and the transformed data. By contrast, in our analysis, the volatility of hours is
about half that of output (both in our model and post-war detrended U.S.
data). These differences occur despite the fact that there is littlc economic
difference in the models under study.

Section 6 provides a brief summary and some concluding remarks.

2. The basic neoclassical model

Our analysis of economic growth and fiuctuations starts by sumniarizing the
key features of the basic one-sector, neoclassical model of capital accumula-
tion. Much of the discussion in this section will o “amiliar to readers of Solow
(1956), Cass (1985;, Koopmans (1965) and sutsequent iextbook presentaiions
of their work, but it is important to build a base for subsequent developments.

2.1. Economic environment

We begin by considering the preferences, technoloey and endowments of
the environment under study.

Preferences. We consider an economy populated by many identical infin-
itely-lived individuals with preferences over goods and leisure represented by

U=Y Bu(C. L), B<l, 1)
f=0
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where C, is commodity consumption in period ¢ and L, is leisure in period .
Consumption and leisure are assumed throughcut to be goods. so that utility is
increasing in C, and L3

Production possibilities. There is only one final good in this economy and it is
produced accordirg to a constant returns to scale neoclassical production
technology given by

Y,=A,F(K,,NX,), (22)

where K, is the predetermined capital stock (chosen at t—1) and N, is -~
labor input in period t.* We permit temporary changes in total f-  or
productivity througl: A4,. Permanent technological variations are restric . to
be in labor productivity, X,, for reascns that we discuss below.

Capital accumula:ion. In this simple neoclassical framework the = ommodity
can be either consumed or invested. The capital stock evolves =< s:ding to

K, = (1 - 8K)Kt+ 1, (2-3)

where I, is gross investment and 8y is the rate of depreciation of capital.’

Resource constraints. In each period, an individual faces two resource con-
straints: (i) total iime allocaied to work and leisure must not exceed the
endowment, which is normalized to one, and (ii) total uses of the commodity
must not exceed output. These conditions are

L+N,<1, (2.4)
C+I1,<Y, (2.5)

Naturally, there are also the non-negativity constraints L, >0, N,>20, ;20
and K,>0.

3Momentary utility, u(-), is assumed to be strictly concave and twice continuously differen-
tiable. Further, it satisfies the Inada conditions, namely that lim . _ oD u(c, L)=oco0 and
lim,_, ,D,u(c, L) =0, lim; _ ¢D,u(c, L) = oo and lim; _,;D,u(c, L) =0, where D;u(-) is the
first partial derivative of u(-) with respect to the function’s ith argument.

4By neoclassical, we mean that the production function is concave, twice continupusly differen-
tiable, satisfies the Inada conditions, and that both factors are essential in produciion.

5We abstract from adjestment costs to capital accumulation throughout tl;1e analysis, as these
seem to us to be basically a restricted formulation of the two-sector neoclassical model.
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2.2. Individual opiimization and competitive equiilibiiun:

The standard neoclassical analysis focuses on the optimal quant:ties chosen
by a ‘social planner’ or representative agent directly operating the tecinology
of the economy. Since our seiup satisfies the conditions under whicii the
second weifare theorem is valid, optimal capital accumulation will also be
realized in a competitive equilibrium.® In the companion essay, we discuss
departures from the strict representative agent model including government
expenditures and distorting taxes, productive externalities and heterogeneity
of preferences and productivities. In these contexts, we will need to be more
precise about distinguishing between individual choices and competitive out-
comes.

2.3. Steady state growth

A characteristic of most industrialized economies is that variables like
output per capita and consumption per capita exhibit sustained growth over
long periods of time. This long-run growth occurs at rates that are roughly
constant over time within economies but differ across economies. We interpret
this pattern as evidence of steady state growth, by which we mean that the
levels of certain key variables grow at constant — but possibly different — rates,
at least some of which are positive. Additional restrictions on preferences and
technologies are required if the system is to exhibit steady state growth.

Restrictions on production. For a steady state to be feasible, Swan (1963) and
Phelps (1966) show that permancat technical change must be expressible in a
labor augmenting form, which rationalizes our specification in (2.2) above. To
make for an easier comparison with other studies, we adopt the Cobb-
Douglas production proccss for the bulk of our analysis,

Y,=4,K;"%(NX,)", (2.6)

where the quantity N, X, is usually referred to as effective labor units.’

Since variation in 4, is assumed temporary, we can ignore it for our
investigation of steady state growth. The production function (2.6) and the
accumulation equation (2.3) then imply that the steady state rates of growth of
output, consumption, capital and investment per capita are all equal to the

®The basic reference is Debreu (1954). See also Frescott and Lucas (1972).

"We note, however, that if technological change is labor augmenting, then the observed
invariance of factor shares to the scale of economic activity cannot be used to rationalize the
restriction to the Cobb-Douglas form. In the presence of labor augmenting technological progress
the factor shares are constant for any constant returns to scale production function.
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growth rate of labor augmenting technical progress.® Denoting one plus the

growth rate of a variaole Z as v, (i..., Z,,,/Z,), then any feasible steady state
requires

Yr=Yc=Yc=Y1=7¥x (2.7a)
and the growth rate of work effort to be zero, i.e.,
yw=1. (2.7b)

Since time devoted to work N is bounded by the endowment, it cannot grow
in the steady state (2.7b). Thus, the onl admissible constant growth rate for N
is zero.

In any such feasible steady state, the marginal product of capital and the
marginal product of a unit of labor input in efficiency units are constant. The
levels of the marginal products, however, depend on the ratio of capital to
effective labor, which is not determined by the restriction to a feasible steady
state.

Restrictions on preferences. Egs. (2.7a) and (2.7b) describe tke technologically
feasible steady state growth rates. If these conditions are not compatible with
the efficiency conditions of agents in the economy, then they are of little
interest since they would never be an equilibrium outcome. We can insure that
the feasible steady state is compatible with an (optimal) competitive equi-
librium, however, by imposing two restriction:s on preferences: (i) the intertem-
poral elasticity of substitution in consumption must be invariant to the scale
of consumption and (ii) the income and substituiioi: effects associated with
sustained growth in labor productivity must not alter labor supply.

The first condition must hold because the marginal product of capital,
which equals one plus the real interest rate in equilibrium, must be constant in
the steady state. Since consumption is growing at a constant rate and the ratio
of discounted marginal utilities must equal one plus the interest rate, the
intertemporal elasticity of substitution must be constant and independent of
the level of consumption.

The second condition is required because hours worked cannot grow (v, = 1)
in the steady state. To reconcile this with a growing marginal productivity of
labor - induced by labor augmenting technical change (X,) - income and
substitution effects of productivity growth must have exactly offsetting effects
on labor supply (N).°

8 This result, in fact, holds for any constant returns to scale production function.
9Effective labor (NX,) will continue to grow at rate yy.
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These conditions imply the following class of admissible utility functions:!?

1
u(C,L) = - )Cl %(1-N) (2.8a)
for0<o<1 and o> 1, while for 6 =1,
u(C, L) =1log(C) +v(1 - N). (2.85)

Some additional restrictions are necessary io assure that (i) consumption and
leisure are goods and (ii) that utility is concave.!! The constant intertemporal
elasticity of substitution in consumption is 1/o for these utility functions. For
the remainder of our analysis we restrict ourselves to utility functions of this
class.

The requirement that preferences be compatible with steady state growth
has important implications for the study of economic fluctuations. If there is
no capital [i.e., if the production function is just of the form A4,(N,X,)?], then
there will be no response of hours to variation in X, or 4, in general
equilibrium. This arises because (i) utility implies that the income and sub-
stitution effects of wage changes just offset and (ii) with no intertemporal
substitution in production, income effects must be fully absorbed within any
decision period [as in Barro and King (1984)]. Thus, in all of the parameteriza-
tions of the neoclassical model that we consider, variations in work effort are
associated with intertemporal substitution made possible in equilibrium by
capital accumuliation.

2.4. Stationary economies and steady states

The standard method of analyzing models with steady state growth is to
transform the economy into a stationary one where the dynamics are more
amenable to analysis. In the context of the basic neoclassical model, this
transformation involves dividing all variables in the system by the growth
component X, so that c=C/X, k=K/X, i=1/X, etc. This economy is
identical to a simple ‘no-growth’ economy with two enceptions. First the
capital accumulation equation, K, ,=(1-68y)K,+ I,, becomes yyk,.,=
(1 — &g )k, + i,. Second, transforming consumption in the preference specifica-

10See the technical appendix for a demoastration of the necessity of these conditions and that
they imply (2.8a) and (2.8b).

"'When momentary utility is additively separable (2.8b), all thai we require is that v(L) is
increasing and concave. When momentary utility is multiplicatively separable, then we require
that v(L) is (i) increasing and concave if ¢ < 1 and (ii) decreasing and convex if ¢ > 1. Deﬁmng
D"(L) as the nth total derivative of the function w(L), we further require that
—o[LD? “‘w(L)/Duv(L)]> (1 -0)LDv(L)/v(L)] to assure overall concavity of u(-).
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tion generally alters the effective rate of time preference. That is,

U=(x}°) i (ﬁ*)'[(l i )c}_"v(L,)] for o#1, (2.92)
=0 o

U= i (B*)'[log(c,) + D(Lr) + log(Xt)] for o=1, (2.9b)
t=0

where B* = B(v4)! "° and B* <1 is required throughout to guarantee finite-
ness of lifetime utility. Thus, unless ¢ = 1, 8* # B. By suitable selection of X,
we can in either case make the objective X3 o(B*)'u(c,, L,). Combining the
resource constraints, we form the Lagrangian

L= 3 (8*) ulc,1-N)

t=0

00
+ E A,[A,F(k,, Nr) -C¢ - Yxk:+1 + (1 - 6K)kt] . (2-10)
t=0

The efficiency conditions for the transformed economy are (2.11)-(2.15). In
these expressions, D, is the first partial derivative operator with respect to the
ith argument. For convenience, we discount the Lagrange multipliers, i.e.,

A=A/(B*).

Dilu(c,,l ~N,)—A,=0, (2.11)
D,u(c,,1 - N,) - \,4,D,F(k,, N,) =0, (2.12)
B*\, 1[4, DiF(k,s1, Noywy) + (1= 85)] = A vx=0, (2.13)
AF(k,,N)+(1-8.)k,~—vyk, .1 —c,=0, (2.14)
lim (B*)'A\ ki1 =0, (2.15)

where (2.11)-(2.14) must hold for all t=1,2,...00 and (2.15) is the so-called
transversality condition. The economy’s initial capital stack, kg, is given.
Optimal per capita quantities for this ecoromy — for a given sequence
{A,}2., of technology shifts — are sequences of consumption {c,}?‘;q, effort
{N,}%,, capital stock {k,}®,, and shadow prices {A,}2, thai satisfy the

efficiency conditions (2.11)-(2.15). Under our assumptions about preferences
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and production possibilities, conditions (2.11)—(2.15) are necessary and . iffi-
cient for an optimum.!2 '

The prices that decentralize the optimal solution as a competitive equi-
librium can be computed using the technology shifts { 4,}72, and the optimal
sequences { N,}%o, {k,}2%0 and {A,}i2,. For instance, in a complete initial
date markets framework the sequence of equilibrium prices of labor and the
final good are, respectively, {A,4,D,F(k,, N))}2, and {A,}{,. Under per-
fect foresight (rational expectations), a regime of sequential loan markets and
spot markets in labor services also supports the optimal solution as a competi-
tive equilibrium. In this market structure, the relevant prices are the real
interest rate between ¢ and ¢+ 1, r,, and the real wage rate, w,. It is easy to
demonstrate that these are given by (1 +r)=yxA,/A, 8% and w,=
AD,F(k, N,).

3. Perfect foresigh: capital accumulation

A major feature of the basic one sector neoclassical model with stationary
technology is that the optimal capital stock converges monotonically to a
stationary point.!* While qualitative results such as the monotonicity property
are important, we wish to undertake quantitative analyses of capital stock
dynamics. This requires that we exploit the fact that (2.11)-(2.14) can be
reduced to a non-linear system of first-order difference equations in k and A
or a second-order equation in k only. The two boundary conditions of this
system are the transversality condition (2.15) and the initial capital stock, k.
We focus on approximate linear dynamics in the neighborhood of the steady
state denoted by (4, k, N, c and y).1*

3.1. Approximation method

The initial step in obtaining the system of linear difference equations is to
approximate (2.11)-(2.14) near the stationary point. To do this, we express
each condition in terms of the percentage deviation from the stationary value,
which we indicate using a circumflex [e.g., ¢, = log(c,/¢), k, = log(k,/k), etc.].
Then, we linearize each condition in terms of deviations from the stationary

12Gee Weitzman (1973) and Romer and Shinotsuka (1987).

3In the fixed labor case, which is the most thoroughly studied, this property has been shown to
derive principally from preferences, in that ihe concavity of u(-) is sufficient for monotonicity so
long as there is a maximum sustainable capital stock [Boyd (1986) and Becker et al. (1986)]. In
environments such as ours, where the production function s strictly concave in capital (for fixed
labor), monotonicity also insures that capital approaches a unique stationary point.

%The technical appendix discusses solution methods in considerablz Z2:sil The linear ap-
preximation method, it should be noted, rules out certain phenomena that may arise in the basic
nzoclassical model, such as a humped shaped transition path for investment [see King (1987)].
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point. The results for the first two conditions can be written as follows:

A N s

5cccz_‘scll _NNI “X¢=09 (31)
a N A A A A

b= T bl Ai— A - (1-a)k,+ (1-0)N, =0,  (32)

where §,, is the elasticity of the marginal utility of 2 with respect to 5.1
Approximaiion of the intertemporal efficiency condition (2.13) implies that

A +"AA1+1+7'I:’21+1+"NA71+1=X!’ (3.3)

where 7, is the elasticity of the gross marginal product of capital with respect
to 4 evaluated at the steady state, etc.!® Finally, approximation of the resource
constraint (2.14) im:plies

9,=A,+aN,+ (1-a)k,
=58, + 50k, —s:(¢ - Dk, (3.4)

where s, and s; are consumption and investment shares in output and
6=K, /1, =vx/Iry— (1 = )] > 1.

As in other linear optimal control seitings, expressions (3.1) and (3.2) can be
solved to give optimal decisions ¢,, N, as functions of the state variables k,, 4,
and the co-state (shadow price) X,. Further, given these (conditionally) opti-
;\nal decisions, expressions (3.3) and (3.4) imply a first-order dynamic system in

and k%,

é é A A
[.'“]= W[x']+RA,+1+QA,, (3.5)
t+1 4 .

where W is a 2 X 2 matrix and R and Q are 2 X 1 vectors. To compute the
solution to this difference equation and to examine its properties, we use the
decomposition W = PuP~, where P is the matrix of characteristic vectors of
W and p is a diagonal matrix with the characteristic roots on the diagonal.
Ordering the roots (p,, t,) in increasing absolute value, it can be shown that

15When the utility function is additively separable, i follows that §. .= -1, {,=§, =0 and
¢, = LD%(L)/Duv(L). When the utility function is multiplicatively separable, it follows that
£.=—g, £,=LDu(L)/v(L), .=1-0 and &= LD%(L)/Duv(L).

16With the Cobb-Douglas assumption, it follows that 1, = [vy — B*(1 — 8x)l/vx, T = —any
and 7y = an,.
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O<p,<l<pB* <y, The general solution to the difference equation for
specified initial conditions A, and k, is given by

7 7 ! ¢

ol o b4 Y W'RA,_,. + X W"QA,_,. (3.6)

A, X(_'p h=0 h=0
Since W'= Pu'P~! and the root u, exceeds (8*)~!> 1, it follows that the
system is on an explosive path and thus violates the transversality condition
for arbitrary A, There is a specific value of the initial shadow price Ao,
however, that results in (3.6) satisfying the transversality condit:or: (2.15). This
particular solution specifies the unique optimal (and competitive equilibrium)
time path of capital accumulation {k,}%, and shadow prices {,.x;}o- Given
these optimal sequences, consumption {¢,}2, and effort {N,}2, can be
computed from (3.1) and (3.2). It is also direct to compute variations in
output, investment, real wages ang real integest rates. For example, output
variations are given by §, =4, + aN, + (1 — a)k, in (3.4). With Cobb-Douglas
production, real wages are proportional to labor productivity, so that W, =
Y= N,

In general, optimal Qecisions for consumption, capital, effort, etc. depend on

the entire sequence {4,}2,. As demonstrated in the technical appendix, the
time path of efficient capital accumulation may be written in the form

0
kiy=mk,+9,4,+¢, Z !-‘-;JA.-+1+1, (3.7
j=0

where ¢, and ¢, are comrlicated functions of the underlying parameters of
preferences and technology. The dynamics of capital accumulation depend on
the previous period’s capital stock with coefficient p,. In addition, with
time-varying total factor productivity, the optimal solution for capital accumu-
lation depends on the current productivity level (4,) and on the entire future
time path of displacements to productivity ‘discounted’ by g..

3.2. Transition path dynamics

In order to provide a quantitative evaluation of the dynamic properties of
the neoclassical model we chcose a set of parameters values that match the
average U.S. growth experience. The properties of the transition paths to the
steady state capital stock (k) can then be numerically investigated by setting
A, =4 for all ¢ In this case, the (approximately) optimal sequence of trans-
formed capital stocks described by (3.7) reduces to the first-order difference
equation k,.,=pk, with |p,| <1. Given an initial condition k,=K,/X,,
the transformed econcmy’s capital stock approaches its steady state value
more quickly the closer p, is to zero. In addition, the variations in consump-
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tion, investment, output, work effort, the real wage and the real interest rate
are determined according to linear relations:

A A A )

cr=wckku 'r=Wikkv .Vt:'”ykku
A Y A A
]V, = '”Nkkt’ w, = ”wkkn hp—r= ﬂ,kk,, (3°8)

where r is the steady state real interest rate, r = y,/B* - 1. Except for =, the
w coefficients chould be interpreted as the elasticities of :t * flow variables with
respect to deviations of the capital stock from its siationary value. The
transition paths of these flow variables, therefore, are simply scaled versions of
the capital stock’s transition path. In general, the vaiues of p, and the =
coefficients are complicated functions of the underlying parameters of the
model, i.e., a, 0, 8¢, B and vy.

3.2.1. A fixed labor experiment

Within the neoclassical model with fixed labor, variations in ¢ alter substitu-
tion over time. Table 1 summarizes the quantitative effects of varying ¢ on tke
adjustment parameter g, and the 7 coefficients.!” The values of the underlying
parameters assume that the time interval is a quarter and are summarized in
the table. Labor’s share a=0.58 is the average ratio of total employee
compensation to GNP for the period 1948 to 1586; v, is one plus the common
trend rate of growth of output, consumption and investment, which is 1.6%
per year in the post-war era.!® The value for 8* =y, /(1 + r) is chosen to yield
a return to capital of 6.5% per annum, which is the average real return to
equity from 1948 to 1981.)° Finally, the depreciation rate is set at 10% per
annum, which leads to a share of gross investment of 0.295.

In the fixed labor model, some of the = coefficients are invariant to ¢. The
elasticities of output and rezl wages with respect to capital are cimpl’
determined by 7, =m,, = {1 — a) which is 0.42 in our table 1 example. The
value of #,, = n, is also invariant to ¢ and takes the value —0.024. This means
that output and real wages move directly with capital and real interest rates
inversely with capital.

In the case of log utility (o ==1), the table shows that the adjustment
coefficient (g,) is 0.966 which implies that one-half of any initial deviation
from the stationary state is worked off in 20 quarters or 5 years. If the capital

Y Tedious algebra shows that @, =[(1 — &) — (yxp; — (1 — SN k/y)/s. and 7y =[(vxin —
(1 = 8))(k/y))/s;. It is direct that @y, =0 and 7, = (1 — a). Finally, g, is the smaller root of
the quadratic equation p? — [1/B8* — s /05,6 + Llp+1/8*.

18 Details of this computation and the data used are discussed in section 5.2.

19Note that while 8* is invariant with respect to ¢ under the assumption that 8* = v,/(1 + r),
B is not since B* = By} ~°.
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stock is initially below its steady state value, then investment is above its
steady state rate (7, = —0.176 < 0) and consumption is below its steady state
rate (7, = 0.670 > 0).

Alternative values of o change 7,, m, and p, in intuitive ways. For
example, when o is large the representative agent is less willing to substitute
intertemporally and thus desires very smooth consumption profiles. Hence,
there is little reaction of consumption to a shortfall in capital (7, small).
Consequently the adjustment to the steady state is slower (g, closer to 1.0)
than when o =1.0. When o is small, there is more willingness to substitute
consumption intertemporally and thus a given capital shortfall occasions a
larger reduction in consumption. There is thus a more rapid adjustment of
capital (p, further from 1.0) than withe=1.

3.2.2. Varying work effort

We are also interested in the pattern of efficient variation in work effort
along the transition path, how the labor-leisure margin alters the speed of
capital stock adjustment (g,) and the responses of the price and quantity
variables. To investigate these effects quantitatively, we reinstate labor as a
choice variable and suppose that the utility function has the simple form
u(c, L) =log(c) + 6,log(L). The parameter 6, is chosen so that stationary
hours are 0.20.2° Our choice of this value is based on the average percentage of
time devoted to market work in the U.S. during the period 1948-1986.%

The resulting value of p, is 0.953, implying a half-life of just under 14
quarters for deviations of the capital stock from its stationary level. This is a
slightly more rapid pace of adjustment than the comparable fixed labor case
with 6 =1 in table 1, since work effort provides an additional margin along
which agents can respond. The values of the elasticities are =, =0.617,
T = —0.629, my, =-0294, 7,=0249, =,,=0544 and =, = —0.029.
Transition paths of the key variables are plotted in fig. 1. Starting from an
initially low capital stock, there is a sustained period in which output and
consumption are low, but rising, while work effort and investment are high,
but declining. Temporary variation in work effort is efficient even though
steady state hours are invariant to growth.

The economic mechanisms behind these transition paths are important. The
initially low capital stock has three implications for the representative con-
sumer in the transformed economy. First, non-human wealth is low relative to
its stationary level. Second, the marginal product of labor (shadow real wage)

2In our computations, we directly specify that N =0.20 in the linear expressions (3.1) and
(3.2), noting that logarithmic utility implies zero cross elasticities and unitary own elasticities. This
implicitly specifies the utility function parameter 6,.

21'This value is equal to the average work week as a fraction of total weekly hours for the period
1948 to 1986.
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is low relative to the stationary level. Third, the marginal product of capital
(shadow real interest rate) is high relative to its stationary level. The first and
third factors induce the representative consumer to work additional hours; the
second factor exerts the opposite influence. With the particular preferences
and technology under study, the former factors dominate, resulting in hours
that are high - relative to the stationary level - along the transition path from
a low initial capital stock.

It is beyond the scope of this paper to undertake a detailed sensitivity
analysis of how the p and = coefficients change with parameters of the
environment. However, we have studied how the root p, depends on a list of
parameter values by computing an elasticity of p, with respect to each
parameter.22 The elasticities are quite small ranging from —0.11 for labor’s
share (a) to —0.001 for the rate of technological progress (vx—1).? Our

2We thank Adrian Pagan for pushing us to conduct these experiments.

~ BThe elasticity for steady state hours (N) is 0.003; for depreciation (8x) is —0.03 for the
intericmporal elasticity of substitution (o) is 0.03, and for the elasticity of the marginal utility of
leisure (LD?v(L)/Duv(L)) is 0.003.
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conclusion is that the speed of adjustment is not highly sensitive to the choice
of parameter values.

4. Real business cycles

This section follows the pioneering work of Kydland and Prescott (1982)
and Long and Plosser (1983) by incorporating uncertainty — in the form of
temporary productivity shocks - into the basic neoclassical model. Although
other aspects of the underlying economic environment are identical to those of
the preceding section, the business cycle analysis is in marked contrast to the
standard ‘growth theory’ analysis, in which time variation in technology is
taken to be smooth, deterministic and permanent.

4.1. Linear business cycle models

In principle, quantitative analyses of stochastic elements should follow
Brock and Mirman’s (1972) seminal analysis of the basic neoclassicai model
under uncertainty. One would begin by postulating a specific stationary
stochastic process for technology shocks, calculate the equilibrium laws of
motion for state variables (the capital stock) and related optimal policy
functions for controls (consumption, investment and work effort). It would
then be natural to interpret observed business fluctuations in terms of the
econoirly’s stationary distribution. The principle barrier to the execution of
this strategy is computation2l. The equilibrium laws of motion for capital .nd
for flows cannot be calculated exactly for models of interesi, but mu.i be
approximated with methods that are computationally burdensome.?* Further-
more, computational sirategies for approximate suboptimal equilibria ar: not
well developed.

In our analysis we invoke certainty equivalence, employing a linear systems
perspective. Our use of certainty equivalence methods in the study of real
business cycles builds on piior work by Kydland and Prescott (1982), but the
details of our procedures are different.”> An advantage of our method is that it

24Examples inciude Sargent (1980) and Greenwood, Hercowitz and Huffman (1986).

35Kydland and Prescott (1982) eliminate non-linearities in constraints (such as the production
function) by substituting resource constraints into the utility function and taking a quadratic
approximation to the resulting return functivz. We derive efficiency conditions under certainty
and approximate these to obtain linear decision rules. These two procedures are equivalent for the
class of models we consider when standard Taylor series approximations are used with each
procedure. The only substantive difference between our approximation. method and Kyd!an'd and
Prescott’s is that while they search for an approximation based on a likely range of variation of
the different variables, we center our linearizations on the steady state. According to Kydland and
Prescott (1982, p. 1357, 11) this difference in approximation techniques has little impact on their
results. Our procedure yields formulas that have a transparent economic interpretation and allows
us to replicate exactly the Long and Plosser (1983) closed form solution.
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is readily extended to the study of suboptimal dynamic equilibria, as we show
in our second essay. Nevertheless, a detailed analysis of the overall accuracy of
these approximation methods in a business cycle context remains to be
undertaken.

For the basic neoclassical model, our strategy works as follows. We develop
approximate solutions for capital and other variables near the stationary point
of the transformed economy as in the previous section. Then, working from a
certainty equivalence perspective, we posit a particular stochastic process for
A and replace the sequence {4,, ;}j=o with its conditional expectation given
information available at ¢. In particular, suppose that A4, follows a first-order
antorsgressive process with parameter p. Then, given (3.7), the state dynamics
are given by the linear system

— iér+l P1 kg4 iét 0
At /fzﬂ]-[o P 1| 4, *leaier | T M 8 (4.1)

where 7, , =y, + ¥,p/(1 — pp; ') and s! = (k,, 4,) is the state vector.

Additional linear equations specify how consumption, work effort, invest-
ment, shadow prices and output depend on the state variables s,. Let the
vector z;=(¢,, N,, ,,i,) be a vector of controls and other flow variables of
interest. Then the linear equations relating flows to states are

- -

[; B 7
a Tek Teq
N, Tne N4 |,
P T  Tya || k.
a=| % = || =1, (4.2)
i, ik id |l A,
W Twk  Twa
t w L/
r—r | “rk rA

where the 7 coefficients are determined, as in section 3, by requiring that the
shadow prices and elements of z, satisfy the linearized first-order conditions.?

This state space formulation (4.1) and (4.2) can be solved to obtain the vector autoregressive-
moving average (ARMA) representation of the endogenous variables z. In the basic neoclassical
model with persistent technology shocks (p # 0), each element of z, is ARMA (2,1) with common
autoregressive but different moving average polynomials. Following Zellner and Palm (1974) and
Orcutt (1948), the evolution of states can be expressed as follows

det(I — MB)s, = adj(I — MB)e,,

where B is the backshift operator, det(/ — MB) is the determinant of the 2 X 2 matrix defined by
I — MB, and adj(7 — MB) is the adjoint of 7 — MB. From inspection of (4.1) it is clear that, for
p* (_), the determinant of (/ — MB) is a second-order polynomial (1 — g, B)(1 ~ pB). There are
moving average terms of at most order 1 in adj(/ — MB). Further, since z, = ITs,, the elements of
z, inherit the ARMA (2,1) struciure of the state vector. The relatively simple ARMA structure of
the individual elements of z is a result of the dimensionality of the state vector. In a model with
many state variables the order of the polynomial det( — MB) could become quite large, implying
more complex ARMA representations for the elements of z.
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This formulation facilitates computation of (i) impulse response functions for
the system and (ii) populaticn moments of the joint (z,, s,) process.

Impulse responses. Impulse response functions provide information on the
system’s average conditional response to a technology shock at date ¢, given
the posited stochastic process. The response of the system in period ¢ + k to a
technology impulse at date 7+ 1 is

—_ -— k-1
Seak — ESpils,=M* e, ,,
— —_ k-1
Z,k—Ez s, =1IM €15
where £/,, = (0, ¢, ;).

Population moments. Population moments provide additional, unconditional
properties of the time series generated by the model economy. We siress that
although there is a single shock to the economic model under study, the
dynamic character of the model means that the unconditional time series will,
in general, not be perfectly correlated. The linear character of the system
implies that it is relatively straightforward to calculate population moments.
For example, given the variance—covariance matrix of the states, 2, = E(s,s}),
it is easy to calcuiate the autocovariance of z at lag j, E(z,z;_;) = IIM/Z_IT".
In our analysis below, we will be concerned with how these properties of the
model change as we alter parameters of preferences and technology.

4.2. Alternative parameterizations of the basic neoclassical model.

We explore four alternative parameterizations of the basic neoclassical
model, obtained by varying certain aspects of preferences and technology.
Though far from exhaustive, these parameterizations shed some light on
important aspects of neoclassical models. Table 2 summarizes the parameter
values that are employed in our four versions of the neoclassical model.
Throughout, as in table 1, we use production parameter values for labor’s
share as a = 0.58 and the growth of exogenous technical progress as (yy— 1)
= 0.004 per quarter. In all specifications, we take the momentary utility
function to be of the additively separable form, u(c, L) =log(c) + 6,0(L).
This specification implies zero cross-elasticities (£,,=£,=0) and unitary
elasticity in consumption (¢ = —§_.= 1), while leaving the elasticity of the
marginal utility of leisure with respect to leisure (§,) as a parameter to be
specified. The parameter 6, in all parameterizations is adjusted so as to yield a
steady state value for N equal to 0.20, the average time devoted to market
work in the U.S. during the period 1948-1986. In ali of these formulations, the
values of 6, v, and B combine to yield a steady state real interest rate of 6.5%
per annum.
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Our point of departure is the parameterization of Long and Plosser (1983).
The key features of this specification are additively separable, logarithmic
preferences, a Cobb-Douglas production function and 100% depreciation.
This specification is instructive because there is an exact closed-form solution
that enables us to establish a benchmark for judging our approximation
methods. The second specification alters the Long-Plosser formulation by
assuming less than 100% depreciation. This alteration is sufficient to obtain
stochastic properties for key variables that are more compatible with common
views of economic fluctuations. We refer to this case as the ‘baseline’ model -
it is closely related to the divisible labor economy studied by Hansen (1985).%
The next two experiments consider some perturbations of the elasticity of
labor supply. The third parameterization uses an ‘upper bound’ labor supply
elasticity from the panel data studies reviewed by Pencavel (1986). This
elasticity is ten times smaller than that imposed by the logarithmic preferences
of the baseline mode.® The fourth parameterization illustrates the conse-
quences of infinite intertemporal substitutability of leisure or, equivalently, the
indivisibility of individual labor supply decisions stressed by Rogerson (1988)
and Hansen (1985).

4.3. Quantitative linear business cycle models

The reference point for our discussion is table 3, which summarizes the
linear systems representation given in egs. (4.1) and (4.2). That is, table 3
provides the coefficients, p,, p, 7, 4 of the matrix M and the coefficients of the
IT matrix under two assumptions about persistence of technology shocks
(p=0and p=0.9).

Long—Plosser with complete depreciation. Applying the exact solutions found
in Long and Plosser (1983), the capital stock for this parameterization evolves

27There are at least three differences between our methodology and that employed by Hansen
(1985) which make our results not directly comparable. First, we use a different linearization
technique, as discussed above. Second, we compute the population movements rather than
estimate them through Monte Carlo simulation. Third, we do not filter the series with the Hodrick
and Prescott (1980) filter. See footnote 31 for a discussion of differences in parameter values and
of the effects of the Hodrick and Prescott filter.

28For preferences separable in consumption and leisure, the elasticity of labor supply is
(1 -1/N)/£,, where N is the steady state fraction of time devoted to work. Thus if the elasticity
of labor supply is 0.4 and N = 0.20, then §¢,= —10.0.

We are reluctant to adopt this economy as our benchmark given the difficulty in interpreting the
disparity between the elasticity of labor supply of women and men in the context of our
representative agent economy. Furthermore, Rogerson (1988) has demonstrated that, in the
presence of indivisibility in individual labor supply decisions, an economy with finite elasticity of
labor supply may behave as if this elasticity were infinite. Hence, our fourth parameterization has
preferences consistent with an infinite elasticity of labor supply (§;,= 0).



R.G. King et al., Production, growth and business cycles I

216

900 T€00— LEEO 8650 €89 REBO— 96T HLI'0 6LST HIPO— LEEO 8650 910 Lv60 60 Anonseps Aiddns

L000— TE00— OET0 8650 ¢€vI'L 8E€8°0— T0CC $LIO0 TLOC vCp'0— OET'0 8650 90C0 Lv6'0 O Joqe] ruyut
uasuRH-uos1afoy
000 STO0— 0680 ¥SP0 Tvee 96C0— TST'T PLEO TITO 0800— SETO #S90 L600O €960 60 fyonsep
€000— STO0— L9880 #¥S¥0 O€8E 96C0— ¥8I'T ¥LE'0 LIE'0 0800— SLO'O €90 TITO €960 O A1ddns Joqe|
ejep [oued
6600 6T00— 0950 PSSO €ELY 6T90— 809°T 6VC°0 8VOT P6CO— 86C°0 LI9O LET'O ¢€S60 60 uonewaidop
S000— 6700— T¥P'0 PPS0 LPL'S 6T90— ELL'T 6vTO0 <CTEE'T +6T0— 80T'0 LI90 9910 €S60 O onsiea yim
13ssojg—Suo}
00 #T0— 0001 O0CTv0 0001 OTP0 000T 0TY'0 0000 0000 000T OTY0 O000T OTV0 60 uonewardap
0850— #¥T0— 0001 OTY0 O000T OCrOo 000T 0Tv'0 0000 0000 000'T 0T¥0 000T OTYO0 O ajardwoo s
Jass0[d—3uo]

iy ¥y, LI L vy y vey ¥y YNy INg ¥y ¥y Yy Iy d

(T9)-(1p) washs Jeaur] 3y} JO SINJeEA INoWere]
€ Jlqel



R.G. King et al., Production, growth and business cycles I 217

according to the stochastic difference equation,

o .
kevr= (1 - a)kt +4,= 2 (1- a)JAt—j’ 4.3)
Jj=0

which indicates that in our approximation it should be the case that p, =
(1 —a) and =, ,=1.0. As emphasized by Lorg and Plosser, (4.3) illustrates
that even without long-lived commodities, capitalistic production enables
agents to propagate purely transitory productivity shocks forward in time in
keeping with their preferences for smooth consumption.

The solutions of Long and Plosser also imply that there are simple log-linear
relations for the flow variables (J, ¢, i j and N ),

) .
)7. =i,= é,-“— (1 - a)kt +At= Z (1 - a)JAt-j’ (4'4)
Jj=0

N,=0. (4.5)

In percent deviations from steady state, output, consumption, and investment
all share the stochastic structure of the capital stock. Work effort, on the other
hand, is constant (i.e., N 0). With work effort constant, real wages (propor-
tional to output per man hour) move just like output. With o = 1, interest rates
are equal to the expected change in consumption (r,— r=E,¢,,, — ¢,). Thus,
in terms of (4.2), =, =0y =Tu=(1-a), 7, ,=7,=mm,=7y=1,
and 7y, =y, =0. Flnally, 7= —a(l—a)and 7, =(p-- a)A,.

Turning to the approximate solutions reported in table 3, we see that these
match the exact solutions (4.3)—(4.5) for the parameter values in table 2. For
example, with a =0.58, the coefficient p;, = (1 — a) = 0.42 as required by eq.
(4.1) above. Further, we see that there are two special features of this
parameterization previously noted by Long and Plosser in their consideration
of multi-sector, log-linear business cycie models. First, the solution involves no
influence of expected future technological conditions on the properties of the
endogenous variables. This conclusion follows from the observation that the
linear systems coefficients linking quantity variables to technology (w,,
.. Tngs €1C.) are invariant to the persistence (p) in the technology shock
process. Second, the relation between work effort and the state variables (my,
and ) indicates that the approximation method preserves the other special
implications of complete depreciation, namely that effort is unresponsive to
the state of the economy (7, = Tk = 0).

Fundamentally, each of these invariance results reflects a special balancing
of income and substitution effects. For example, more favorable technology
conditions (A4, r+;>0) exert two offsetting effects on accumulation: (i) an
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income effect (since there will be more outputs at given levels of capital input)
that operates to lower saving and capital accumulation and (ii) a substitution
effect (arising from an increased marginal reward to accumulation) that
operates to raise saving. With complete depreciation and logarithmic utility,
income and substitution effects exactly offset.

With respect to real interest rates, the complete depreciation model also
helps indicate how serial correlation in A alters the model’s implications. The
coefficient 7, , = (p — @), so that with p = 0 diminishing returns predominates
and an impulse to 4 lowers the rate of return. But with high persistence
(p > a), interest rates rise due to the shift up in the future marginal reward to
investment.

Long-Plosser with realistic depreciation. Adopting a more realistic deprecia-
tion rate (85 = 0.025 or 10% per year) dramatically alters the properties of the
basic neoclassical model. The adjustment parameter p, rises from 0.42 to
0.953, indicating that the capital stock adjusts more slowly. Second, =, , falls
from 1.0 to 0.166 when p =0 and is no longer invariant to serial correlation
properties of A.

These responses can be explained in terms of the basic economics of
lowering the depreciation rate. First, when there is a lower depreciation rate, it
follows that there is a higher steady state capital stock and a lower
output-capital ratio. As §; goes from 1.0 to 0.025, y/k falls from 2.4 to 0.10.
This suggests a substantial decline in the elasticity 7, ,. Second, the change in
p, and the sensitivity of 7, , to p reflect implications that §; has for the
relative importance of wealth and intertemporal substitution effects. With
lower depreciation, the intertemporal technology - linking consumption today
and consumption tomorrow - becomes more linear near the stationary point.?
This means that the representative agent faces less sharply diminishing returns
in intertemporal production possibilities and will chcose a temporally smooth
consumption profile that requires more gradual elimination of deviations of
the capital stock from its stationary level (p, rises from 0.42 when 8, =1 to
0.953 when 8, = 0.025). The depreciation rate also impinges on the relative
importance of subsiitution and wealth effects associated with future shifts in
technology (4,.; for j> 0). In particular, the dominance of the wealth effect
is indicated by a comparison of purely temporary (p = 0) with more persistent
technology shocks. Capital accumulation is less responsive to technological
conditions when the shocks are more persistent (i.e., m,, falls from 0.166 to
0.137 when p rises from 0 to 0.9). For the same reason, more persistent
technology shocks imply that consumption is more responsive (., = 0.108
when p=0 and =, =0.298 when p =0.9) and investment is less responsive

**There is a marked decline in the elasticity of the gross marginal product of capital schedule,
AD, F(k, N) + (1 — 8), with respect to capital. It falls from —u, = 0.58 to 0.023.
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(m,4=75.747 when p=0 and =, =4.733 when p=0.9). The persistence of
shocks also has implications for the response of relative prices to technology
shifts. Real wages respond more elastically, since there is a smaller variation in
effort when shifts are more permanent. As in the model with complete
depreciation, real interest rates respond positively to technology shifts when
these are highly persistent.

Altering the character of intertemporal tradeoffs also has implications for
labor supply via intertemporal substitution channels. Whsn technology shifts
are purely temporary (p = 0), a one percent change in total factor productivity
calls forth a 1.33 percent change in hours. This impact is attenuated, but not
eliminated, when shifts in technology are more persistent (7y, =1.05 when
p =0.9). The nature of these intertemporal substitution responses is perhaps
best illustrated by examining impulse response functions, which are derived
from the coefficients presented in table 3. The two parts of fig. 2 contain
impulse responses under our alternative assumgtions about the persistence of
shocks. In panel A, when technology shifts are purely temporary, intertem-
poral substitution in leisure is very evident. In the initial period, with positive
one percent technology shock, there is a major expansion of work effort. The
initial period output response is more than one-for-one with 4 (7,4=177)
because of the expansion in work effort. The bulk of the output increase goes
into investment with a smaller percentage change in consumption.

In subsequent periods, after the direct effect of the technology shift has
dissipated, the only heritage is a capital stock higher than its steady state
value. The change in the capital stock induced by the initial period technology
shock is ‘worked off” via a combination of increased consumption and reduced
effort. The impacts on output are smaller, in percentage terms, than the
impacts on consumption or capital, because the transition path back toward
the stationary point is associated with negative net investment and negative
response of effort. This means that the response function after one period in
fig. 2, panel A, is determined by the internal transition dynamics given in fig.
1. The only difference is that in fig. 2 the experiment is a positive increment to
the capital stock of 0.166 instead of the negative increment of —1.0. in fig. 1.

In panel B of fig. 2, when technology shifts are more persistent, the impulse
responses involve a combination of exogencus (A4) and endogenous dynamics
(k). There is now a protracted period in which technology shocks serve to
introduce positive comovements of hours, output, consumption and invest-
ment. The magnitudes of these responses are altered by the fact that agents
understand the persistent character of technological shifts. In comparison with
the case where technology shifts are purely temporary, consumption is more
responsive to A while effort is less.

Other labor supply elasticities. First, when we restrict preferences to be
consistent with an ‘upper bound’ labor supply elasticity of 0.4 for prime age
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males reported by Pencavel (1986), we obtain an economy whose dynamics are
broadly similar to those of the bascline model except for the amplitude of
response to technology shocks. In the case of purely temporary production
shocks (p = 0), the elasticity of response of labor to shocks in technology
(7n,4) is 0.317, roughly one fourth of the value of =, for the baseline model.
This reduced variability in labor is accompanied by smaller variability in
consumption and investment.*

Second, when the labor supply elasticity is infinite, we have an economy
that is the mirror image of the previous one in terms of amplitude of response
to shocks. In the case of purely temporary shocks, the values of #,, and =, ,
are roughly 1.2 times those of the baseline model, while =, is fifty percent
higher.

S. Implications for time series

This section develops some of the predictions that the basic neoclassical
model makes about economic time series when i: is driven by a single
technology shock. Using the model’s organizing principles, we also present
some summary statistics for post-war quarterly U.S. time series.

3.1. Variability of components of output

A major feature of economic fluctuations is the differential variability in the
use of inputs (labor and capital) and in the components of output (consump-
tion and investment). Table 4 presents some selected population moments for
the four alternative parameterizations that summarize the models’ implications
for relative variability.

The specification with complete depreciation has implications that are
readily traced to the simple structure of (4.3) and (4.4). First, output, con-
sumption and investment have identical variances. Second, with cornplete
depreciation, investment and capital differ only in terms of timing, sc that
capital and output are equally variable.

When realistic depreciation is impcsed (84 = 0.025), differences in the
relative variability of the components of output are introduced. Further, these
implications depend on the stochastic process for the technology shifts, since
the moments of time series depend on the linear system coefficients reported in
table 3 (which are dependent on the persistence parameter p). With purely
temporary shocks, consumption is much less variable than output (about two
tenths as variable) and investment is far more variable (more than three times

30A productivity shock induces intertemporal substitution of leisure by raising the productivity
of current versus future labor and intratemporal substitution by increasing the opportunity cost of
leisure in terms of consumption. Both the elasticity of intertemporal substitution of leisure and the
elasticity of intratemporal substitution are smaller in this economy than in the baseline model.
The reduction in the degree of substitution contributes to a reduced variability of consumption.
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as variable). Labor input is much more variable than consumption and about
three fourths as variable as output.

When shifts in technology become more persistent (p =0.9), there are
important changes in implications for relative variabilities. Consumption is
now six tenths as volatile as output, which accords with the permanent income
perspective and with the altered linear systems coefficients discussed previ-
ously. Labor input is less than half as volatile as output, which fundamentally
reflects diminished desirability of intertemporal substitution of effort with
more persistent shocks.3!

Alterations in the labor supply elasticity exert predictable effects on relative
variability of labor input and output, while having relatively minor implica-
tions for the relative variability of the components of output. Relative to the
baseline model, the reduction in labor supply elasticity to the level suggested
by the panel data studies results in a decline of the variability of labor both in
absolute terms and in relation to the variability of output. The relative
volatility of the labor input in terms of output implied by the model is 0.27,
roughly half of the standard deviation of hours relative to detrended output in
the U.S. for the period 1948-1986.%

In table 5 we present some additional time series implications of our
baseline neoclassical model. One notable feature is that , i and N exhibit
almost no serial correlation in the absence of serially correlated technology
shocks. This is not true for consumption, wages or interest rates, however,
which are smoother and correlated with lagged values of output.

31'The baseline model is structurally identical to the divisible labor economy studied by Hansen
(1985). It differs, however, in values assigned to parameters. In our notation, Hansen’s economy
involves a=0.64, B* =0.99, y,=1.00; N=0.33 and 8 =0.025. These alternative parameter
values have implications for the moments reported in tables 4 and 5. Using a persistence
parameter p = 0.90, the model’s relative volatility measures (standard deviations of variables
relative to standard deviation of output) are as follows: consumption (0.62), investment (2.67) and
hours (0.41). Basically, relative to table 4 these results reflect the decline in labor supply elasticity
implied by N = 1/3 rather than N =1/5. The contemporaneous correlations with output are as
follows: consumption (0.81), investment (0.92) and hours (0.81). If we filter the population
moments with the Hodrick-Prescott (HP) filter, then the relative variabilities and correlations are
altered. For consumption these are (0.25) and (0.80), respectively, for investment they are (3.36)
and (0.99) and for hours they are (0.55) and (0.98). These alterations occur because the effect of
the HP filter is to give less weight to low frequencies, downplaying persistent but transient aspects
of the series in question. [See the graph of the transfer function of the HP filter in Singleton
(1988).] For example, the correlation of output at the yearly interval (lag 4) is 0.72 in the unfiltered
Hansen parameterization and it is 0.08 in the filtered version. It is this sensitivity of results to
filtering that makes us hesitant to undertake detailed comparisons with results reported by
Hansen

32The inability of the model to generate a sufficiently high variation in labor when the elasticity
of labor supply is restricted to be consistent with panel data studies has stimulated several
extensions to the basic neoclassical model. Kydland (1984) demonstrates that introducing agent
heterogeneity in the model can increase the relative volatility of the average number of hours
worked with respect to the volatility of labor productivity. Rogerson (1988) establishes that, in the
presence of indivisibility in individua’ labor supply, an economy with finite elasticity of labor
supply behaves as if it had an infinite elasticity of labor supply. This motivates our interest in the
fourth parameterization. As Hansen (1985), we find that in this economy labor is too volatile
relative to output.

JMon—- B
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5.2. Some empirical issues and obs. ~vations

Since the early part of this century, with the NBER studies of business
cycles and economic growth under the leadership of Wesley Mitchell and
Simon Kuznets, it has become commonplace for macroeconomic researchers
to design models to replicate the principal features of the business cycles
isolated by the NBER researchers. More recently, the development of statisti-
cal and computing technology has led individual researchers to define analo-
gous sets of ‘stylized facts’ about economic fluctuations that models are then
designed to emulate.

Our perspective is that the development of stylized facts outside of a
circumscribed class of dynamic models is difficult at best.?® First, models
suggest how to organize time series. Further, it is frequently the case that
stylized facts are sensitive to the methods of detrending or prefiltering. In this
investigation we take the perspective that the basic neoclassical model has
implications for untransformed macroeconomic data and not some arbitrary
or prespecified transformation or component that is defined outside the
context of the model [cf. Hicks (1965 p. 4)]. Although we do not perform
formal statistical tests of model adequacy, the manner in which we proceed
with data analysis is dictated by the models under study.

We have considered deterministic labor augmenting technological change
that grows at a constant proportionate rate as the source of sustained growth
(trend). The neoclassical model then predicts that all quantity variables (with
the exception of work effort) grow at the same rate y,. The non-deterministic
components of consumption, output and investment ( §, ¢ and /) are then

Je=10g(Y,) - log(X,) — log(y),
ét = log(C,) - log( Xt) - log(c)’ (51)
= log(I,) - log( Xt) - log(i)’

where y, ¢ and i are the steady state values in the transformed economy.
Labor augmenting technical progress, log(X,), can be expressed as the simple
linear trend

log( X,) =log(X,) +¢-log(vx). (5.2)

Thus, in the language of Nelson and Plosser (1982), the implied time series are
trend stationary. Moreover, they possess a common deterministic trend. There-
fore, the model instructs us to consider deviations of the log levels of GNP,
consumptlon and investment from a common linear trend as empirical coun-
terparts to §, ¢ and i. Work effort, on the other hand, possess no trend and,
thus, N is simply deviation of the log of hours from its mean.

38ee also Koopmans (1947) and Singleton (1988).
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In order to provide some perspective on the models’ properties, we sum-
marize some of the corresponding sample moments of the U.S. time series.
The series we consider are the quarterly per capita values of real GNP,
consumption of non-durables and services (CNS), gross fixed investment
(GFI) and average weekly hours per capita.’* Following the structure (5.1)
and (5.2), we detrend the log levels of each of the first three series by
computing deviations from a common estimated linear time trend. The esti-
mated common trend, which corresponds to an estimate of log(yy) = (yx— 1),
is 0.4% per quarter.’® The real wage is the gross average hourly earnings of
production or non-supervisory workers on non-agricultural payrolls. We chose
not to study interest rates because of the well-known difficulties of obtaining
measures of expected real interest rates. . .

Plots of our empirical counterparts to y, ¢, i and N are presented iz fig. 3.
Their properties are summarized in table 6 in a manner analogous to the
summary of the baseline model in table 5. Our sample period is the first
quarter of 1948 (1948.1) to the fourth quarter of 1986 (1986.4). Deviations
of output from the common deterministic trend, which are plotted as a
benchmark in each of the panels in fig. 3, have a standard deviation of 5.6%
and range in value from —13.0% to 10%. The sample autocorrelations in table
6 indicate substantial persistence, suggesting that there may be a non-sta-
tionary component to the series not eliminated by removing a common
deterministic trend. .

The panels A and B show empirical counterparts to ¢ and i, plotted against
the reference variable p. Consumption and investment are highly correlated
with output. Table 6 reports estimated correlation coefficients of 0.85 for
consumption and 0.60 for investment over the 1948.1-1986.4 sample period.
Consumption is less volatile than output, with a sample standard deviation of
3.9% (versus 5.6% for output) and a sample range of —7.8% to 7.4%.
Investment is more volatile than output, with a sample standard deviation of
7.6% and sample range of —20.7% to 16.3%. Further, the autocorrelation
statistics in table 6 indicate substantial serial correlation in both consumption
and investment.

Panel C of fig. 3 contains a plot of the empirical counterpart of per capita
hours as well as that of output. This labor input measure has a standard
deviation of 3.0%, with a maximum value of 6.5% and a minimum value of

34All series are taken from the CITIBASE database. GNP, CNS and GFI are quarterly values.
Population (P) is the total civilian non-institutional population 16 years of age and older.
Employment ( E) is total workers employed as taken from the Household Survey, Bureau of Labor
Statistics. Average weekly hours of all workers (H) is also from the Household Survey. Average
hours per capita is then calculated as E - H/P and averaged for the quarter. The wage rate is gross
average hourly earnings of production workers.

33This is the source of the estimate of y, we use to parameterize the basic model in section 3.
We _choose not to impose the common trend assumption on wage rates because it involves a
specific assumption about market structure.
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Panel C: Output and Hours
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—6.2% over the post-war period. The correlation between output and hours
reported in table 6 is essentially zero! Inspection of the plot, however, appears
to suggest that this relation is closer if one visually corrects for the periods in
which output is on average high or low. In fact, if one splits the sample into
subperiods of approximately 5 years each, the correlation between output and
hours is never less than 0.30 and averages 0.77. Thus, when we permit the
sample mean to vary (which is what looking at subperiods effectively does), the
correlation between hours and output appears much higher.3 It is important
to stress that there is no theoretical justification for looking at data in
subperiods. The basic neoclassical model that we have been discussing has a
single source of low frequency variation (the deterministic trend in labor
productivity) which has been removed from the time series under study. The
sensitivity of these results to the sample period suggests the possibility of a low
frequency component not removed by the deterministic trend. This is con-
sistent with the highly persistent autocorrelation structure of output noted
above.

The practice of removing low frequency variation in economic data plays an
important role in empirical research on business fluctuations. NBER business
cycle research has generally followed Mitchell’s division of time series into
cyclical episodes, removing separate cycle averages for individual series. Our
belief is that this methodology is likely to remove important low frequency
aspects of the relations between time series, in a manner broadly similar to the
computation of correlations over subperiods. Most modern empirical analyses
of cyclical interactions have also followed the practice of removing low
frequency components from actual and model-generated time series.®’ Study-
ing the impact of such low frequency filtering on economic time series
generated by our baseline model, King and Rebelo (1987) find that there are
major distortions in the picture of economic mechanisms presented by low
frequency filtering. Among these are two that are particularly relevant to the
labor-output relation. First, in the theoretical economy analyzed by King and
Rebelo, application of a low frequency filter raises the correlation between
output and labor input. Second, a low frequency filter dramatically reduces the
correlation between output and capital.

Panel D of fig. 3 contains a plot of cur empirical measure of w. While the
correlation with output is positive (0.76), it is not as strong as predicted by

3The subperiod results for the other variables are qualitatively similar to the overall sample.
We have also explored the use of another hours series to insure that this finding was not an
artifact of our data. Using an adjusted hours series developed by Hansen (1985), which covers
only the 1955.3 to 1984.1 period, the correlation is 0.28 compared to 0.48 for our series for the
same period. Breaking this shorter sample into subperiods also yields higher correlations than
those for the overall period for the Hansen data.

37For example, Kydland and Prescott (1982) filter both the data and the output of their model

usi;;g a filter proposed by Hodrick and Prescott (1980). Hansen (1985) follows this practice as
well.
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the model. Moreover, the positive correlation seems to arise primarily from the
association at lower frequencies.

There are two main conclusions we draw from this cursory view of the data.
The first, and most important, is that the one sector neoclassical model that we
use as our baseline specification is not capable of generating the degree of
persistence we see in the data without introducing substantial serial correlation
into the technology shocks. The second is that the data suggest the related
possibility of a low frequency component not captured by the deterministic
trend. This motivates our interest in models with stochastic growth in the
companion essay.

6. Conclusions

This paper has summarized the growth and business cycle implications of
the basic neoclassical model. When driven by exogenous technical change at
constant rates, the model possesses a steady state growth path under some
restrictions on preferences for consumption and leisure. Although these re-
strictions imply that labor effort is constant in the steady state, they do not
imply that effort is constant along transition paths of capital accumulation or
in response to temporary technology shocks. Rather, the intertemporal sub-
stitution made feasible by capital accumulation applies to both consumption
and effort in general equilibrium.

When driven by highly persistent technology shocks, the basic neoclassical
model is capable of replicating some stylized facts oi economic fluctuations.
First, the model generates procyclical employment, consumption and invest-
ment. Secorid, the model generates the observed rankings of relative volatility
in investment, output and consumption. But along other dimensions, the basic
model seems less satisfactory. In particular, the principle serial correlation in
output — one notable feature of economic fluctuations — derives mainly from
the persistence of technology shocks. On another level, as McCa'llvm (1987)
notes, the model abstains from discussing implications o1 gvernment and the
heterogeneity of economic agents.

Perhaps the mcst intriguing possibility raised by the basic model! is t*at
economic fluctuations are just a manifestation of the process of stochastic
growth. In the companion essay, we discuss current research into this possibil-
ity, along with issues concerning the introduction of government and hetero-
geneity.
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